It is proved that by deleting at most 5 edges every planar graph can be reduced to a graph having a non-trivial automorphism. Moreover, the bound of 5 edges cannot be lowered to 4.
to produce a graph having a non-trivial automorphism, then s(n) b(n ? 1)=2c and lim n!1 s(n)=n = 1=2. The aim of this paper is to prove the following result. Theorem 1. Every planar graph with at least two vertices contains a set A of at most ve edges whose deletion produces a graph having a non-trivial automorphism. More precisely, A can be so chosen that the edge-deleted graph H := G ? A has a pair of vertices x; y such that the transposition (xy) is an automorphism of H.
Equivalently, this means that x and y have equal neighbourhoods or equal closed neighbourhoods in H.
All graphs considered in this paper are nite, undirected and simple. Let G be a plane graph. An edge e of G is called weak if e is incident with two triangular faces, and it is called semiweak if e is incident with only one triangular face. The weight of an edge is the degree sum of its end vertices. Kotzig 3] proved that every 3-connected plane graph has an edge of weight at most 13 and this bound is best possible. Borodin 1] proved that every plane graph has either a weak edge of weight at most 13, or a semiweak edge of weight at most 10, or an edge of weight at most 8, and all three bounds are best possible. The proof of Theorem 1 is based on the following similar result.
Theorem 2. Every connected plane graph with at least two vertices has two vertices
with degree sum at most 5, or two vertices of distance at most two and with degree sum at most 7, or a weak edge of weight at most 11, or a semiweak edge of weight at most 9.
The proof of Theorem 2 is given in Section 2. First, let us show how Theorem 1 follows from Theorem 2.
Proof of Theorem 1. Let G be a planar graph with at least two vertices. If G has two isolated vertices, then the theorem is obviously true. Otherwise, G has a component with at least two vertices. From Theorem 2 it then follows immediately in each of the four cases, that there is a set A of at most ve edges such that the graph H obtained from G by deleting all edges from A has a pair P of two vertices with identical neighbourhoods outside P. Consequently, the automorphism group of H contains a transposition. 2
In Section 3 we show that Theorem 1 is not true if ve is replaced by four. Theorem 3. There are in nitely many planar asymmetric graphs that remain asymmetric when any set of at most four edges is deleted.
Proof of Theorem 2
The proof of Theorem 2 is based on a discharging argument. Throughout this section, let G denote a possible counterexample, that is, a graph satisfying the following properties.
(a) G is a connected plane graph with vertex set V , edge set E and face set F, where jV j 2.
(b) Every weak edge of G has weight at least 12 and every semiweak edge of G has weight at least 10.
(c) If x; y 2 V , x 6 = y, then the degree sum of x and y is at least 8 if the distance of x and y in G is at most two and at least 6 otherwise. 
and our aim is to prove the following statement.
(g) If x 2 V F is neither a 1-vertex nor a 2-vertex, then (x) 0.
By (d), there is at most one vertex of degree 1 or 2 and (x) (x) ?5 for such a vertex. Consequently, (g) contradicts (1) . Therefore, to complete the proof of Theorem 2 it is su cient to prove (g).
Proof of (g). In the rst part of the proof, we consider a k-face f 2 F. Clearly, k 3 and, in the case of k = 3, we have (f) = (f) = 0. Now assume that k 4. Let %(f) denote the sum of all charges that f transfers to the vertices incident with f according to the rule (R1). Then (f) = (f) ? %(f) and we have to show that %(f) (f).
If k 6, then %(f) k 2k ? 6 = (f). If f is not incident with a 3-vertex, then %(f) = k=2 2k ? 6 = (f). Otherwise, 4 k 5 and f is incident with a 3-vertex.
In case of k = 4, we infer from (R1) that %(f) = 1 + 2 3 10 + 2 5 = 2 = (f). In case of k = 5, we infer from (c), that f is incident with at most one 3-vertex implying that %(f) 1 ? (v) . Otherwise, v is hungry, i.e. % < 1, and we argue as follows. This completes the proof of statement (g) and, therefore, also of Theorem 2.
3 Proof of Theorem 3
The number of ve edges in Theorem 1 cannot be lowered. There exist asymmetric planar graphs which are deeply asymmetric in the sense that the deletion of any four or fewer edges always results in an asymmetric graph. In this section we construct an in nite family of such graphs. For technical reasons they are rather large (the smallest has 607 vertices) and they are close to being triangulations. There is a trade-o between the size of these graphs and the possibility of giving a relatively simple proof of their deep asymmetry. The proof is based on the fact that in graphs which are like triangulations in a certain well-de ned sense, two automorphisms coincide globally if they do so on some triangle.
Let n be some positive integer, and consider the disk-like graph D obtained from the graph shown in Fig. 3.1 by identifying the vertices a i and a 0 
Let T be the plane tree which consists of a central vertex c with ve neighbours c 1 ; : : : ; c 5 , and for each i = 1; : : : ; 5 a fan of d i ? 1 pendant vertices attached to c i (see Fig. 3 .
2).
Denote the set of these vertices by F i . (2)) is 100. Now form the graph G by taking D (with n given by (3)), and identifying the vertices of the cycle C of D with the pendant vertices of T in the cyclic order given by the embedding of T in the plane. Clearly G is planar; p and c may be thought of as the north and south pole when the graph is embedded in the sphere. All faces of G are triangles except for the ve pentagons at the south pole. The vertices of G have the same degree they had in D and T, respectively, with the exception of the vertices of C whose degree is now 6. Note that no two 5-vertices of G are adjacent.
Proposition 4. G is deeply asymmetric.
To show this take any set A of at most four edges of G, and consider the graph G A obtained from G by deleting all edges belonging to A. For the proof we need two properties of G A , both concerning its automorphisms. First, we prove the following result.
Proposition 5. There is no pair P of vertices whose neighbourhoods outside P are identical in G A . This implies, in particular, that no transposition is an automorphism of G A .
Proof. Suppose on the contrary that there is a pair P = fx; yg of vertices with identical Some form of the next proposition is undoubtedly part of the folklore (at least in the planar case) but we are unaware of any references in the literature. Proposition 7. Suppose that H is a graph containing a triangle and such that no edge of H belongs to more than two triangles. Let be an automorphism of H which xes the three vertices of . Then xes every vertex of H which is accessible from .
Proof. By induction on the length of sequences connecting accessible vertices to . Let = 0 ; 1 ; : : : ; r be such a sequence for a vertex x, and suppose we have already shown that the vertices of r?1 are xed by . In particular, xes the endpoints of the common edge of r?1 and r , and since r is the only triangle of G sharing this edge with r?1 it follows that also xes x. 2
Proof of Proposition 4. Let be an arbitrary automorphism of G A and let F be the set of all vertices of G A that are xed by . For the proof of Proposition 4 we have to show that every vertex of G A belongs to F. In order to avoid undue length, the proof will be sketchy in certain places.
From (2) The 6n vertices of D 0 are arranged in 2n vertical triplets (see Fig. 3.3 ). The vertices of each triplet form a path (x; y; z) of length 2, where we choose the order in such a way that the rst vertex x is either on C or a neighbour of p. The set of all triplets has two circular orders in D 0 (clockwise and counterclockwise). This gives rise to two directed Hamiltonian cycles C 1 and C 2 of D 0 , whose orientation is so chosen that both of them traverse each triplet in the order x; y; z described above.
From (2) and jAj 4 it follows that in G one can choose three consecutive vertices u; v; w of the cycle C, not all in the same fan F j , and such that none of their incident edges belong to A. Without loss of generality we may assume that u; v 2 F j and w 2 F j+1 . In particular we have that the triangle = c j uv and the two edges vw and wc j+1 belong to G A (see Fig. 3.4) . Now note that v is the only vertex in G A which is adjacent to c j and at distance 2 from c j+1 . Since both c j and c j+1 belong to F this implies that v 2 F; and since is the only triangle in G A containing the edge c j v it follows that u 2 F. Thus xes every vertex of . Consider the ve consecutive triplets in D 0 , the rst of which starts at u and the last of which starts at w. Let W denote the vertex set of these ve triplets. By the same argument as above, we can choose u; v and w such that also no edge incident with a vertex in W belongs to A. Then every vertex of W is accessible from in G A and, by Proposition 7, it follows that xes every vertex of W, i.e. W F. If q 1 or q 2 belongs to fp; c 1 ; c 2 ; c 3 ; c 4 ; c 5 g, then the vertices x 1 and x 2 are either both on C or both neighbours of p, and, therefore, there are two triplets in D 0 of the form (x 1 ; y 1 ; z 1 ) and (x 2 ; y 2 ; z 2 ). But then in G A the vertex y i has two neighbours in P i F and, since there is no other such vertex in U, we conclude that y i 2 F for i = 1; 2. Since y 1 2 F is a neighbour of x 1 in G A it is also a neighbour of x 2 = (x 1 ), a contradiction.
If neither q 1 nor q 2 belongs to fp; c 1 ; c 2 ; c 3 ; c 4 ; c 5 g, then q i 2 P i for i = 1; 2, and, therefore, q 1 6 = q 2 . Hence, x 1 and x 2 are two vertices of the same degree in G that belong to di erent triplets of D 0 and have exactly two common neighbours one of which belongs to P 1 and the other one belongs to P 2 . This implies by a simple case analysis that x 1 and x 2 are vertices of degree 5 in G that belong to two consecutive triplets of D 0 . But then U = fx 1 ; x 2 g and, therefore, is a transposition, contradicting Proposition 5.
Therefore, in both cases we arrive at a contradiction. This proves Proposition 4 and hence Theorem 3.
2
It is very easy to nd sets A of ve edges where G A is symmetric. Just take an edge xy of weight 11 and delete the edges incident to x or y but not on the same faces as xy. All vertices other than x and y are xed by every automorphism of G A . This is the only way to get a non-trivial automorphism in G A when jAj 5.
Theorem 1 can easily be extended to an arbitrary surface, i.e. a connected compact 2-dimensional manifold. To see this, consider a graph G with vertex set V and edge set E that is embedded on a given surface of Euler characteristic " = "( ). Then
Euler's formula tells us that jV j ? jEj + jFj ", where F is the set of faces. Therefore, if jV j 3, then jEj 3jV j ? 3". For " 1, this implies that G has a vertex of degree at most H(") ? 1, where H(") = b 7 + p 49 ? 24" 2 c is the Heawood number of . Consequently, G has two non-adjacent vertices with degree sum at most 2H(") ? 2 or two adjacent vertices with degree sum at most 2H(") ? 1. This implies that there is a set A of at most 2H(") ? 2 edges such that the graph G A obtained from G by deleting all edges from A has a pair P of two vertices with identical neighbourhoods outside P. Then, clearly, G A has a non-trivial automorphism. However, except for the plane, we do not know the sharpest possible bound.
